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Abstract
In this paper, existence and uniqueness of fixed points of operators satisfying certain contractive

conditions in a complete G -metric space are stated and proved. Furthermore, the stability of Picard
iterative procedure is investigated for mappings T satisfying some fairly general contractive conditions in
a complete G -metric space.
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Introduction

Rhoades (1977) gave comparison of various definitions of contractive mappings and defined contractive
type mappings on a complete metric space X which are generalizations of the well-known Banach
contraction, and have the property that such mappings have unique fixed point in X . Osileke (1996)
established some stability results for fixed point iteration procedures in a complete metric space. Mustafa
and Sims (2006) introduced a new notion of generalized metric space called G-metric space, after proving
that most of the results concerning the topological properties of D-metric space were incorrect. To repair
this setback, a more appropriate notion of a generalized metrics, called G-metric space was defined and
new properties for G -metric space were proved. Furthermore, the relationship between metric space and
G-metric space was established. Zead Mustafa et al. (2010) proved some fixed point results for mapping
satisfying sufficient conditions in a complete G-metric space, also that if the G -metric space (X,G) is
symmetric, then the existence and uniqueness of these fixed point results follow from well-known

theorems in usual metric space (X,dg), where (X,dg) is the usual metric space defined from G -
metric space (X,G). Mujahid Abbas (2012) worked on fixed and related fixed point theorems for three

maps in G -metric space, unique common fixed points of three maps that satisfy a generalized (¢, ) -

weak contractive condition are obtained. It is noted that the existence of a fixed point of any one of the
mappings implies that the three mappings have a common fixed point. Agarwal et al. (2013) Gave some
remarks on coupled fixed point theorems in G-metric spaces. Agarwal et al. (2015) gave new definitions,
properties, lemmas and theorems regarding metric type spaces. Rauf et al. (2017) studied some fixed
point theorems for contractive conditions in a G-metric space.

In this paper fixed point results for operators satisfying some more general contractive conditions are
considered and also stability theorems for some additional iteration procedures in a G -metric space were
proved.

Definitions of Some Terms
Definition 2.1 (Mustafa and Sims, 2006):
Let X be anonempty set, and let G: X x X x X — R+, be a function satisfying the following
properties:
(Gl) G(x,v,2)=0 if x=y=gz
(G2) 0<G(x,x,y); for all x,yeX, with Xx=Y;
(G3) G(X,X,¥)<G(X,Y,z),forall x,y,ze X, with z=#Y;,
(G4) G(x,¥,2)=G(x,z2,y) =G(Y,z,X) =...,, (symmetry in all three variables); and
(G5) G(x,y,2)<G(x,a,a)+G(a,y,2), forall x,y,z,ae X, (rectangle inequality)
then the function G is called a generalized metric, or, more specifically a G-metric on X , and the
pair (X,G) is called a G-metric space.

Proposition 2.1(Mustafa and Sims, 2006):
Let (X,G) be G -metric space. Then the following are equivalent.
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. (x,) is G-convergent to x. for a function f : X — X
. G(x,,X,,X)=0,asn — 0.

. G(x,,x,x)=0,as n—>oo0.

. G(X,,,X,,X)=0,as m,n— 0.

A W0 DN -

Lemma 2.1(Agarwal etal ., 2015):
Let (X,G) be a G -metric space. Then, forany x,y,z,ae X the following properties hold.
1. G(x,¥,2) <G(X, X, Y)+G(x,X,2).
2. G(x,y,2)<£G(x,a,a)+G(y,a,a)+G(z,a,a).
3. |G(x,y,2)-G(x,y,a) K max{G(a, z,2),G(z,a,a)}.
4. If n>2and X, X,,..., X, € X then
G (K% %) < 3G (k% %)

i=1
5 If G(x,y,z)=0,thenx=y =12
6. G(x,y,2) <G(x,a,2)+G(a,y,2).

7. G(x,Y,2) S%[G(x, y,a)+G(x,a,2)+G(a,y,2)];

8. |G(x,Y,2)-G(x,y,a)[<G(a, Xx,z);and
9. G(x,v,Y)<2G(x,Y,2).

Lemma 2.2(Agarwal etal ., 2015):
Let {X,} be a sequence in G-metric space (X,G) and assume that there exist a constant
A€[0,1)and n, € N such that, at least, one of the following conditions holds:
Lo G(Xny1 Xpa20 Xoy2) < AG(Xy0 X1, Xg40)) forall n>ng
2. G(Xpaps Xios Xnin) S AG(X,, X, X,,1)) forall n>n,
Then {x,} is a Cauchy sequence in (X,G).

Lemma 2.3(Mustafa and Sims, 2006):
If (X,G) is a G-metric space, then the function G(X, Y, z) is jointly continuous in all three of its

variables, that is, if x,y,ze X and {x.}.{V,.}, {z,} < X are sequence in X such that
%} = x4y} = yand{z,} - 2 then {G(X,, V. 2,)}—> G(X, Y, 2).

Proposition 2.2(Agarwal etal ., 2015):

Let {x,} be a sequence in G-metric space (X,G).

1. If the following conditions holds:
forall ¢0,there exists n, € N such that

G(X,, Xy, X ) < €, for all m,n=n,
2. If the following condition holds:
forall ¢0,there exists n, € N such that

G(X,, Xy Xy) <&, for all mnx>n,
then {X,} is a Cauchy sequence in (X,G).

Theorem 2.1(Rauf et al., 2017)
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Let (X,G) be a complete G-metric space, and let T : X — X be a mapping satisfying the
following condition
G(Tx,Ty,Tz) <aG(x, Tx,Tx) +bG(y, Ty, Ty) +cG(X, Y, z)

forall x,y,ze X where 0<a+b+c<1.Then T has a unique fixed point (say X")

Theorem 2.2(Rauf et al. 2017)

Let (X,G) be acomplete G -metric space and let T : X — X be a mapping satisfying the
following condition

G(Tx, Ty, Tz) < oG (X, TX, TX) + ¥/G(X, Y, 2)

forall x,y,ze X where 0<a+y <1, then T has a unique fixed point X" in X ; Tx = x".

Results

Theorem 3.1 Let (X,G) be a complete G -metric space and let T : X — X be a mapping
satisfying the following condition,
G(Tx,Ty,Tz) <aG(x,Yy,z)+a,G(x,Tx,Tx)+a,G(y,Ty,Ty)

+a,G(x, Ty, Ty) +a,G(y, Tx, Tx)
forall x,y,z e X where each @, are nonnegative constants satisfying

5
da, <1 and a<a,
then T has a unique fixed pointin X .

Proof
Let X, € X be an arbitrary point. Define the sequence {x,} < X by

X, = TX, forallneN
=X

Mo

T is aPicard sequence of {X,} based on X, . If thereis n, € N suchthat X

n0+l
Xno is a fixed point of T .

n

Assume X, ., # X,

n+l
Let X=X ,Yy=2Z=X,,

then

G (X Xnizs Xni2) = G(TX0, T 0, X 1)

SG(Xy, Xoar Xpi1) 8,6 (X, TX,, TX,)
+ 8,6 (X0s TX s TX ) + a4G(x
+a.G(X,., TX,, TX,)

- alG(Xm n+1? n+l) + aZG(X n+l? Xn+1)
+ 336 (X110 Xii20 Xna2) + G (X0 X0 Xi0)
+ aSG(Xn+l’ Xn+l’ Xn+1)

G(Xn+l’ Xn+2’ Xn+2) < alG(Xn’ Xn+1’ Xn+l) + aZG(Xn’ Xn+1’ Xn+l)

+ aSG (Xn+l’ Xn+2' Xn+2) + a4G (Xn ' Xn+2 ' Xn+2)

TXn+l)

n+1’
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using the properties of G -Metric
G (Xpuar Xnizr Xni2) < 8G (X Xpgs X)) + 8,6 (X X1 Xpi1)
+ aSG(Xn+1’ Xn+2' Xn+2) + a'4(3()(n’ Xn+1’ Xn+1)
+ a4G(Xn+1’ Xn+2’ Xn+2)
which simplifies to
a+a,+a

a : JG(XN Xn+l’ Xn+l)

G(Xn+1’ Xn+2’ Xn+2) <
1-a;,-a,

Let k=T td,
1-a,-3a,

Since z & <land a <a, then k <1.
G(Xn+l’ Xn+2’ Xn+2) < kG(Xn ! Xn+l’ Xn+1)

repeating the process above, it follows that for all n>0
G(Xys Xyt Xpur) = G(TX,, TX,,, TX,)

<a,G(X, 4, X, X,) +a,G(X, 4, TX, 4, TX, ;)
+a,G(x,, Tx,,Tx,) +a,G(x, ,, TX,,TX,)
+a.G(x,,TX, 1,Txn )
= &G (X %o X ) + 8,6 (X, 1, X, X
+ 336Xy, X 10 Xoia) +8,G(X, 4, n+1vxn+1)
+a:G(X,, X, X,)

G(Xy Xoas Xna1) S AG(X, 4, X0, X)) +8,G(X, 4, X5 X,)
+aBG(Xn’Xn+l’ n+l)+a4G(Xn—l7 n+l? n+1)

Using property the properties of G-metrics
G (X Xpi1s %) S AG(X 4, Xy, X)) +3,G (X, 4, X, X,
+83G Xy Xni10 X1) + 8,6 (X, g0 X0 X))
+8,G (X, Xo10 X1
Simplifying further

+a, +4a,
G(Xnaxn+1ixn+1) S(ali_a—sz( n-11 n! n)

G(Xn’ Xn+1’ Xn+1) < kG(Xn -1 n'Xn)

(7)

(8)

(9)

(10)

(11)

(12)

(13)

Applying Lemma (4.3), {X,} is a Cauchy sequence. As (X,G) is complete, it is convergent, and

there exists X" € X such that {Xx,} — x". To show that X" is a fixed point of T , consider
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G(x,,TX,TX) =G(Tx,,, X, Tx")
<aG(X, 4, X, X )+a,G(X, ;. TX, ;, TX. ;)

+a,G(x, Tx,TX) +a,G(x,_,, Tx,TX")

+a,G(x, Tx, 5, TX, ;) 14)
=a,G(X, 1, X, X)) +a,G (X4, X, X, ) +a,G(x, X", TX)
+a,G(x,,, TX, TxX)+a,G(x", X, X,)
G(x,, TX,Tx") <aG(X,,, X X )+a,G(X, 5, X, X, ) +a;G(x", Tx",TX)
+a,G(x,,, TX, TxX)+a,G(x, X, X,)

Taking limit as N — oo and by the property that G is continuous,
G(x,Tx,TX) <aG(x,x,x)+a,G(x,x,Xx,)+a,G(x,Tx,Tx)

+a,G(x", TX", TX) +a,G(x", X, x") (15)
G(x,Tx,TX) <(a,+a,)G(X,Tx,Tx)

since a, +a, <1 the above inequality can only hold when G(x",Tx",Tx") =0 , hence
X =x".
To show uniqueness, suppose X # Yy~ such that Ty" = y", then
G(x',x,y) =G, Tx,Ty")
<a,G(x",x ,y)+a,G(x ,Tx",Tx")
+a,G(x", T, TxX) +a,G(x",Tx", Tx) +a,G(x",Tx",TX") (16)

=a,G(x,x",y)+a,G(x",x",x")
+a,G(x", x, x)+a,6(x",x",x)+a,G(x",x,x")
G(x',x",y") <aG(x,x,y)<G(X,x,y")

This is a contradiction, hence X = y".

Proposition 3.1 Let (X,G) be a complete G -metric space and let T : X — X a self mapping

satisfying
G(Tx,Ty,Tz) <a,G(x,y,z)+a,G(x,Tx,Tx)+a,G(y,Ty,Ty) an

+a,G(x, Ty, Ty) +a,G(y, Tx, Tx)

forall x,y,z e X where each @, are non negative constants satisfying

5
zai <1 and 4 < A (18)
i=1

Let x, € X, {X,} = X be defined by X, =TX,. The sequence {X,} converges to a fixed point
X  of T.Let {y,} bean arbitrary sequence in X andset &, = G(Y,,.,TY,,TY,)
Then

(Y1 X X)) <G(Xpp, X', X)+ (2, +85+8, +85) Y &' 'G(x;, TX;, TX;)
j=0
(19)

+ ain+1G(Xov X0 Yo) +Za1”‘jgj

j=0
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and lim___e =0 ifand only if lim =x

nN—oo™n n—0 yﬂ

Proof

G(Yor X1 X) S G(Yons Xpa Xoa) + G (Xug, X, X)
<G (X X, X))+ GVt Y TY) + G (T, X1 Xoi)
=G(X,,, X, X)+G(Ty,, T, TX. )+ G(Y,... TV, TY,)
G(Y,.., X, X)) <G(X.., X ,X)+G(Ty,,Tx,,TX,) +&,

n+1?

Applying the contractive condition given above

G(Y,., X, X)) <G(X,.., X, X)+G(Tx ,Tx, Ty ) +e,
<G(Xypy X, X )+ G (X, X, ¥, ) +,G(X,, TX,, TX,)
+a,G(x,,Tx,,Tx,) +a,G(X,, TX,, TX,) +a;G(X,, TX,, TX,) + &
G(Yp X X)) <G (X,
+a,G(X,, X, Y,) +&,

n+1?

(20)

n

X, X)+(a, +a,+a,+a;)G(Xx,,Tx ,TX,)
Note that

G(Xp: X Yn) = G(Yn X0, X,)
S G(yn !Tyn—17Tyn—1) + G(Tyn—li Xn ' Xn
= G(Txn—liTXn—liTyn—l) + ‘9n—l
< aiG(Xn—P Xn—l’ yn—l) + azG(Xn—l’TXn—lfTXn—l)
+ a3G (Xn—l’TXn—liTn—l) + a4G (Xn—l'TXn—l’Tn—l)
+ aSG(Xn—l'TXn—l’Tn—l) + gn—l
G(Xn’ Xn1 yn) < aiG(Xn—P Xn—l’ yn—l)
+(a,+a;+a, +a;)G(X, 1, TX, 41, TX, 1)+ &4

(21)

Then
G(Yp X X)) <G(Xy,
+a(a, +a;+a, +a;)G(X, 1, TX, 1, X, 1) (22)
+ aizG (Xoa Xo1s Yna) T4 HE,
Repeating this process
G(Y,.., X, X) <G(x

X, X)+(a, +a,+a, +a,)G(X,,Tx ,TX,)

X, X)+(a, +a,+a, +a,)G(Xx,,Tx ,TX,)

n+1?

+8,(8, +85+8, +85)G (X, 1, TXq 4, X 4)

) (23)
+ a1 (az + a3 + a4 + aS)G(Xn—Z ’Txn—Z ' Xn—z)
+ alsG(Xn—21 Xn—Z’ yn—?_) + a’lzgn—?_ + a'lgn—l + gn
Repeating the process n-times gives
(Yo, X X)) <G(Xyp, X, X)+ (2, +85+8, +85) Y & 'G(x;,TX;, TX;)
j=0
n (24)
+ aimlG(Xoy Xor Yo) + Zafijgj
j=0
Suppose lim__y. =X
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Then
= G(yn+l' X*’ X*) +(3()("(l-|-yn'-|-yn)

gn
<G(Y,., X, X)+2G(x", X, Ty,)
<G(Y,,, X, X)+2aG(x,X,y,)+2a,G(x,Tx",TX") (25)
+2a,G(x, T, Tx ) +2a,G(x ,Tx ,Tx ") +2a,G(x",Tx',Tx")
& <G(Yp, X ,X)+2aG(X X, Y,)
Taking the limitas N — «©
Then
lim__e =0
Conversely, Suppose lim,_, &, =0
Consider the coefficients {a; '}
Set
A, = a "’
Then, lim A, =0 foreach j
and
n 1_ a1n+l .
YA, = —(1-a)™" as n— o (26)
i=0 1-a

Since lim &, =0
Then,

n
IimnﬁwZaf*Jgj =0
=0

Since lim__G(x,,,,X,X)=0

Then,

n+1?

lim, ., G(x,,Tx,,Tx,) =0
So that
lim,,(a, +a,+a, +a;,)> a/ 'G(x;,Tx;,Tx;) =0
=0
Furthermore, lim,__a"'G(x,, %,, ¥,) =0 since a, €[0,1)

Then
lim . G(Y,..,X,x)=0 (27)

That is {y,} converges to the point X .

Corollary 3.1 Let (X,G) be a complete G -metric space and let T : X — X be a mapping
satisfying the condition
G(Tx,Ty,Tz) <a,G(x,y,z)+a,G(x,Tx,Tx)+a,G(y,Ty,Ty)

+a,G(x, Ty, Ty) +a.G(y, Tx, Tx)
forall x,y,z e X where each @, are nonnegative constants satisfying

(28)
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i+1

5
da <l and a<a
i=1

Then

G(T'x,T'y,T'z) <a/G(x,y,2)+a,) a 'G(T " x,T"xT""x)

i=1

+ aszaf;lG (T ) y,T i7j+1y,T i’j”y)
j=1

o 3RO T Y THYy)
j=1

+ag Y &l tG(T Ty, Ty T )
j=1

Proof

G(T'x,T'y,T'z) <aGT % T"y,T2)+a,G(T" X, T'x,T'x)
+a,GT Y. Ty, T'y)+a,GT X T'y.T'y)
+a,G(Ty, T'x,T'x)

repeating the process above

G(T'x,T'y,T'z) <a’G(T"x,T'?y,T?2)+a,G(T" %, T'x,T'x)
+a,a,G(T 72X, T T ) +a,G(T'" 'y, T'y,T'y)
+a,a,G(T" %y, Ty, Ty)+a,G(T % T'y,T'y)
+2,a,G(T" 2Ty, T y)+a.G(T My, T'x, T'x)
+a,a,G(T"%y, T, Tx)

repeating the process again

GT'xT'y,T'z) <a’G(T" Ty, T"°2)+a,G(T"'x,T'x,T'x)

+2,a,G(T" 2%, T, Tx) +a2a,G (T, T'?x,T"x)

+a,G(T™y, Ty, T'y) +aa,G(T' 2y, Ty, Ty)
+a/a,G(T" 7y, T2y, T ?y) +a,G(T' Ty, T'y)

+aa,G(T X Ty, THy) +afa,G(T "% Ty, Ty)

+a,G(T7y, T'x,T'x) +a,a,G(T" 2y, T'x,T"'x)
+a’a,G(T" %y, T, T"%x)
repeating the process i-times will give
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G(T'x,T'y,T'2) <aG(xy,2)+a,» a/'G(T"/x,Tx,T*x)

=1
+ aszaf;lG (T - y,T i7j+1y,T i’j”y)
j=1
ST X Ty T
j=1

+as zaij_lG (T " y, T Sy T i_j+1x)

i1

(34)

Theorem 3.2 Let (X,G) be a complete G -metric space, and let a,b,c be nonnegative functions

satisfying
Supf{a(x,y,z)+b(x,y,z)+c(X,y,2)}<A<1
X,y € X such that, foreach x,y,ze X . Let T : X — X be a mapping satisfying the
contractive condition.
G(Tx,Ty,Tz) <a(x,y,z)G(x,Tx,Tx)+bG(x,y,2)G(y,Ty,Ty)
+¢G(X,Y,2)G(x,Y,2)
forall x,y,z e then T has a unique fixed point X*,i.e Tx =X .
Proof
Let x, be an arbitrary pointin X . Let {x,} be a sequence in X defined by
Xoo = TX,
if there is some n, € N such that Xnps1 = TXnO , then Xno is a fixed point of T . Assume

Xy # X, forall neN.

n+1

Let x=X,,andy =z =X, then

n+1

G(Xys X %) = G(TX, X TX )
<a(G(X,, Xupr X )G (X, TX,, TX,)
+B(G(X,, Xy 15 X0,2))C (K10 TX 11, TX 1)
+C(G(Xys Xnya0 X011 ))G (X s Xoyas Xia)
= a(G (X, Xn1s X0:))G (X0 Xiia0 Xni1)
+D(G (X, Xoi15 X011))G (Xosas X2 Xai2)
+C(G (X Xnya0 X011 ))G (X s Xoyas %)
simplifying further
Gt X Xy < [A(G (X0, X1 Xpu1)) + (G Xy, Xpor X)) (X %0 X0)
1-b(G(Xy: %10 Xp.1))
Choose A such that

a(t)+c(t)
1-b(t)

<Ax<1

Then
G(X X X < ZG (Xn ! Xn+1’ Xn+l)

n+1l?! *n+21 n+2

By Lemma (3.1.3), {X,} is a Cauchy sequence, since (X,G) is complete {X,} converges to a

point X € X .
Suppose
TX =%
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Then
G(X",Tx',Tx) >0
G(x,, TX', TX) =G(Tx,_,,Tx,Tx")
<a(G(X, 4, X, X NG(X, 4, TX, 4, TX, )

. x . (42)

+b(G(x, 4, X, X ))G(Xx ,Tx ,Tx")

+¢(G (X, 1, X, X )G (X, 4, X, X))
G(x,, TX,TX) <a(G(X,_;, X, X ))G(X, 4, X, X, ) +b(G(X,_4, X, X ))G(X,Tx ", TX") @3)

+¢(G(X, 1, X X NG(X,,, X, X))
Taking the limitas N — o

G(x',Tx, Tx") <b(G(x",x",x))G(X",Tx,Tx")

G(x,Tx', Tx)=0 (44)

™ =X
Suppose X # Y~ then
G(X',y,y) =G, Ty, Ty)
<a(G(x,y, Y )G, T, TX)+b(G(X, Yy, y))G(Y Ty, Ty")
+c(G(X, Yy, Yy )G(X, YY) (45)
<a(G(x,y, Yy )NG(X, X, X ) +b(G(X, Yy, y)G(Y Y. Y)
+c(G(X, Yy, Yy )G(X, YY)

G(X,y,y)<c(G(X, Y,y )NG(X,y,y)<G(X,y,y)<O0 (46)
This is contradiction, hence X" = y”

Proposition 3.2 Let (X,G) be a complete G -metric space and let T : X — X a self mapping
satisfying

G(Tx,Ty,Tz) <aG(x, Tx,Tx) +bG(y, Ty, Ty) +cG(X, Y, 2) 47)
forall x,y,ze X, 0<a+b+c<l.Let X, € X, {X,} = X be defined by X,,, =Tx,. The
sequence {x.} converges to a fixed point X~ of T . Let {y,} be an arbitrary sequence in X and

set &, = G(Ypts TYn: TY,)
Then

G(Yp1, X4 X)) <G(X,1, X, X )+ (@+b)> c"IG(x;,Tx;, Tx))
27 (48)
+ Cn+lG(Xo' Xor Yo) + chijgj
j=0

and lim___¢ =0 ifand only if lim =x

n—o0™n nN—o0 yﬂ

Proof
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G(Ynr X3 X) < G(Yons Xpa Xoa) + G (Xug, X, X)
<G (Xp1s X, X)+ GVt TY0, TY) +G(TY, s Xog s Xoia)
=G(X,,, X, X)+G(Ty,, T, TX. )+ G(Y,... TV, TY,)
G(Y,.., X, X)) <G(X.., X ,X)+G(Ty,,TX,,TX,) +&,
Applying the contractive condition given above
G(Y,., X X)) <G(X,.,X,X)+G(Tx, ,Tx, Ty )+¢&,
<G(X,,, X, X)+aG(x,,Tx,,Tx,) +bG(x,,Tx.,TX,)
+CG (X, Xy, Yy) + &, (49)
G(Y,., X X)) <G(X,, X ,X)+(@+b)G(x,,Tx,,TX,)
+¢G(X,, X, Y,)+ &,

n+l?

Note that
G(X,, X,,Y,) =G(y,, X,,X,)
<SG(Yn Mo TYaa) +G(TY, 1, X0, X))
=G(Tx, ,, TX, 1, TV, 1)+ &4
<aG(X, 4, X, 1, TX, ) +bG(X, 1, TX, 4, TX, )
+CG (X, s X 15 Yi1) +Eng
G(X,, X, Y,) <(a+b)G(x,,,Tx,;,TX, )
+CG (X, s X, 15 Yi1) +Eng
Then the inequality reduces to
G(Y,., X, X) <G(X,..,X,X)+(@+b)G(x,,Tx,,TX,)
+c[(@a+b)G(X, 4, TX, 4, TX, 4 ) +CG (X, 1, X, 1, Vot) + &, q )+ &,
G(Y,... X, X) <G(X,..,.X,X)+(@+b)G(x,,Tx, ,TX,) (50)
+c(@a+b)G(x T, TX, ) +C°G(X, 4, X, 1, Yo q)
+Ce,,+¢&,
repeating this process

G(Y,.., X X)) <G(X.., X ,X)+(@+b)G(x,,Tx,,Tx.)
+c(@+b)G(x,_,,TX, ;, T, ) +c*(@+b)G(X, ,, TX, ,,TX, ,) (51)
+C°G(X _,, X 5, Y, ,)+C°6, ,+Ce  +&,
repeating the process n-times gives

G(Yp1 X X)) <G(X,0, X', X))+ (@+b)> " IG(x;,Tx;, TX))
7 (52)
+Cn+lG(Xo' Xo» Yo) +ch_jgj
=0
Suppose lim =X
then

N—ao0 yn
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= G(yn+l7 X*’ X*)+G(X*1Tyn’Tyn)

gn
<G(Y,.., X, X)+2G(x,x,Ty,)
<G(Y,,., X, X)+2aG(x", Tx", Tx") + 2bG(x", Tx", Tx") (53)
+2¢G(x,x7,Y,)
g <G(Y,.., X, X)+2cG(X',x,Y,)
Taking the limitas N —
lim__&, =0
Conversely, Suppose lim,_, &, =0
Consider the coefficients {c"'}
set
A, = c"!
then lim A, =0 foreach j
and
n 1—c"t .

YA, = —(l-c)* as n—>ow (54)

o 1-c
since lim &, =0
then

lim_,, Y>c" e, =0
j=0
since lim,__ G(X,,,,X,X) =0
then
lim, G(x,,Tx,,Tx,) =0
so that
lim,_,.(a+b)> c"'G(x;, Tx;,Tx;) =0
i=0
and J

lim,_,c"™G(X,, X, ¥,) =0 since c[0,1)

then

lim_,.G(Y,..,X,X)=0 (55)
That is {y,} converges to the point X .

Corollary 3.2 Let (X,G) be a complete G -metric space and let T : X — X be a mapping

satisfying the condition
G(Tx,Ty,Tz) <aG(x,Tx,Tx) +bG(y, Ty, Ty) +cG(X, Y, 2) (56)

forall x,y,ze X, 0<a+b+c<1
Then

i i-]
G(T'x,T'y,T'z) < aZc“(%] G(x,Tx, TX)

=1 -

(57)

L (a+c)” i
+ ch‘l(ﬁj G(y, Ty, Ty) +¢'G(x,y,2)
=1 N
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Theorem 3.3 Let (X,G) be a complete G -metric space and let T : X — X be a mapping satisfying
any of the following conditions
G(Tx, Ty, Tz) <a{G(x, Ty, Ty) + G(y, Tx, Tx)} (58)
or
G(Tx, Ty, Tz) <af{G(x, Tx, TX) + G(y, Ty, Ty)} (59)

where a is a constant satisfying 0 < a < % and x,y € X . Then T has a fixed point in
X(sayx"),Tx =x

Proof
Let X, € X be an arbitrary point. Define the sequence {x,} X by

X,, =TX, forallneN. (60)
Set x=x,andy=z=X_,,
using the first contractive condition above

G(Xn+l’ Xn-¢-2 ! Xn+2) = G(Txn ’TXn+l'TXn+1)
< a{G(Xn 7Txn+1’TXn+1) + G (Xn+1’TXn ’Txn )}
= a{G (Xn ' Xn+2’ Xn+2) + G (Xn+1’ Xn+11 Xn+1)} (61)

= aG(Xn’ Xn+21 Xn+2)
< aG(Xn ! Xn+l’ Xn+l) + aG(Xml’ Xn+2’ Xn+2)
simplifying further,
G(Xn+1’ Xn+2’ Xn+2) < %G(Xn ' Xn+1’ Xn+1) (62)
—-a
similarly, using the second contractive condition
G(Xn+l’ Xn+2’ Xn+2) = G(Txn ’TXn+l’TXn+1)
< a{G(Xn ’Txn 7TXn) + G(Xn+l'TXn+l7TXn+1)} (63)
= a{G(Xn’ Xn+l’ Xn+l) + G(Xn+1’ Xn+2’ Xn+2)}
simplifying further gives
G(Xn+l' Xn+2' Xn+2) < %G(Xn ' Xn+l' Xn+1) (64)
—-a

Applying Lemma (3.1.3), {X,} is a Cauchy sequence. As (X,G) is complete, it is convergent,
so there exists X e X such that {x .} — x".

To show that X" is a fixed point of T, consider the following

G(x,,Tx',Tx) =G(Tx,,, X, TX)
<afG (X, ,, TX,TX)+G(X,TX, 1, TX, 1)}
=aG(x _,, Tx,TxX)+aG(x’,Tx, ,, TX )

. . . 65
Gx,, TX ,TX") <aG(x, ., Tx ,Tx)+aG(x,x,, X,) (©%)
Takingthel imitasntendstoinfinity
G(X", Tx", Tx") <aG(x’, x, x)+bG(x",x,x)=0

hence, TX = x.
Suppose X # Y suchthat Ty" =y . Then G(x,x’,y") >0 and
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G(x',x,y) =G(Mx,Tx,Ty")
<aG(x", Tx", Tx)+bG(x",Tx", Tx") (66)
G(x,x,y) =0
Hence x =y .

Proposition 3.3 Let (X,G) be a complete G -metric space and let T : X — X a self mapping
satisfying

G(Tx, Ty, Tz) < aG(X, TX, TX) +¥G(X, Y, 2) (67)
forall X,y,ze X, 0<a+y <1.Let X, € X, {X,} = X be defined by X, =Tx,. The
sequence {x.} converges to a fixed point X~ of T . Let {y,} be an arbitrary sequence in X and

set &, = G(Ypts TYnr TY,)

Then
G(Ypr, X X)) €G(Xpy, X X )+ w"IG(x,, TX;, TX;)
=0 (68)
+‘/’MlG(Xov X0 Yo) +Z'//n_Jgj
=0

and lim,_,_&, =0 ifand only if lim __y, =X
Proof
G(Yai1r X3 X)) <G (Ynias Xouas 1) + G (X1, X, X0)
<G (Xp1s X, X)+ GVt TV, TY) +G(TY, s Xog s Xoi1)
=G(X,,, X, X)+G(Ty,, T, TX. )+ G(Y,... TV, TY,)
G(Y,.., X, X)) <G(X.., X, X)+G(Ty,,TX,,TX,) +&,
Applying the contractive condition given above

G(Y,., X, X)) <G(X,.., X, X)+G(TX,,TX,, Ty, ) +&,
<G(X,p, X, X ) +aG (X, TX,, TX, )

PG (X, X Ya) + 6,
G(yn+l1 X*’ X*) < G(Xn+l’ X*l X*)+aG(Xn’TXn1TXn)

+apG (X, _y, TX 1, TX, 1) + '//ZG (X010 Xo 10 Vo)
+ l//€n71 + 8n

n+1?

repeating this process n-times leads to

G(Yprs X4 X)) <G(Xpy, X X )+ w"IG(x,, TX;, TX;)
= (69)
+1 "G (Xg, X1 Vo) +Z'//n_Jgj

i=0
Suppose lim =X

then

N—ao0 yn

& =G(Yn0 Y0 TY,)
<G (Yo X X)+G(X, Ty, Ty,) (70)
<G(Y,,, X, X )+G(X,TX, TX)+G(X, Y., Y,)

€n
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Taking the limitas N — o

lim . e, =0
Conversely
Suppose lim, ¢, =0
consider the coefficients {y/""'}
set
A\j =y"!
then lim _ A, =0 foreach j
n 1_ n+l
YA, = 1"[/ —>(l-y) asn-so
=0 -

since lim_, &, =0
then

n
lim_, Yw" e, =0
i=0

since lim,__ G(X,,,,X,X) =0

then

n+1?

lim,, G(x,,Tx,,Tx,) =0
so that
lim_, o> w"IG(x;,Tx;,Tx;) =0
j=0

furthermore lim___y"™'G(X,, %,, ¥,) =0 since y €[0,1)

then

Iimn%G(yn+1’ X*7 X*) = O
that is {y,} converges to the point X .

Corollary 3.3 Let (X,G) be a complete G -metric space and let T : X — X be a self mapping
satisfying

G(Tx, Ty, Tz) < aG (X, TX, TX) +¥G(X, Y, 2)
forall X,y,ze X where 0<a+y <1
Then

GT'xT'y,T'2) <a)y'GT X T )T +y'G(xy,2)

=

Theorem 3.4 Let (X,G) be a complete G -metric space and let T : X — X be a mapping

satisfying the contractive condition,

G(Tx,Ty,Tz) <aG(x, Ty, Ty) +bG(y, Tx,Tx) +cG(X, Y, 2)
where a,b,c are nonnegative numbers satisfying a+b+c<1and a<b<c,then T hasa

unique fixed pointin X .
Proof
The proof can be sourced from (Rauf et al., 2017).

Theorem 3.5 Let (X,G) be a complete G -metric space and let T : X — X be a mapping

satisfying the contractive condition,

G(Tx, Ty, Tz) < Amax{G(x,Tx,Tx),G(y, Ty, Ty),G(z,Tz,Tz)}

where 4 €[0,1),x,y,ze X. Then T has a unique fixed point.
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Proof
Let x, be an arbitrary pointin X . Let {x,} be a sequence in X defined by x, =Tx, ;.
Let x=x,andy=z=X_,.
Then
G (X1 Xni2r Xnp2) - = GMX, TX L0, TX )

< AMax{G (X, TX,, TX,), G (X,1) TXpa1s TX1)s

n+1?

(77)
G(Xn+l’TXn+l7TXn+l)}
G(Xn+l’ Xn+2’ Xn+2) S ﬂ‘maX{G(Xn ' Xn+l' Xn+1)’G(Xn+l’ Xn+2’ Xn+2)}
There are two cases to examine
Case 1: When
maX{G(Xn 1 Xn+1’ Xn+1)’G(Xn+1’ Xn+2’ Xn+2)} = G(Xn+l’ Xn+2’ Xn+2)
then
C-:'(Xr1+1’ Xn+2’ Xn+2) < ﬂ“G(Xnﬂ’ Xn+2’ Xn+2) (78)
which is not possible since 4 <1.
Case 2: When
maX{G(Xn’ Xn+1’ Xn+1)’ G(Xn+1’ Xn+2' Xn+2)}: G(Xn 1 Xn+17 Xn+1)
then
G(Xm—l’ Xn+2’ Xn+2) < ﬂ“G(Xn ' Xn+1’ Xn+1) (79)

By Lemma (3.1.3) {X,} is a Cauchy sequence. Since (X,G) is complete, then {X,} converges
to a point X in X . Toshow that X" is a fixed point of T, consider
G(x,, TX', TX) =G(Tx, ,,Tx,Tx")
< amax{G(x, ,,TX, , TX, ,),G(x",Tx", Tx"),G(x", Tx",Tx")}
G(x,, X, TxX) < Amax{G(X, ,, X, X,),G(X, Tx",Tx")}

since G is jointly continuous in three of its variables, taking the limitas N — oo

G(X", Tx", Tx)) < AG(X", Tx",Tx") (80)
As A <1 this inequality can only hold when G(x",Tx",Tx") =0. This implies that Tx" = x".
To show uniqueness, suppose X # Yy~ such that Ty" = y", then

G(x,y,y) =G(Mx Ty, Ty)

< Amax{G(x",Tx",Tx),G(y", Ty , Ty )}=0 (81
Hence x =y .
Theorem 3.6 Let (X,G) be a complete G -metric space and let T : X — X be a mapping
satisfying the following condition
G(Tx,Ty,Tz) < Amax{G(x,Y,z),
G(x, T, TX)+G(y,Ty,Ty) G(x,Ty,Ty)+G(y,Tx,Tx) (82)

5 }

2
forall, X,y,ze X and A e [O,%).Then T has a unique fixed point.

Proof
Let X, be an arbitrary pointin X . Let {X,} be a sequence in X defined by x, =Tx, ;.
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Let x=X,andy=z=X,,

then

where

G(Xn+11 Xn+2 ' Xn+2) = G(Txn n+l'TXn+l)
< ZmaX{G(X n+1? n+l)

G(Xn TX ) + G(Xn+l’ n+l’TXn+1)
2

G(Xn n+l’TXn+1)+G(Xn+1aTXn1TXn)}
2

= ﬂ“max{G(an Xn+1’ Xn+1)’
G(Xn’ Xn+1’ Xn+l) + G(Xn+l’ Xn+2’ Xn+2)

2
G(X Xn+2’ n+2) +G(X

n+l? n+1’ n+1)}

G(Xn+1’ n+21 n+2) < ZmaX{G(X n+1? Xn+1)’

G(Xn’ Xn+1’ n+1) + G(Xml’ Xn+2’ Xn+2)

G(x,, X

n+2? Xn+2)
> }

G(x ) <AM

n+1? n+2 ! n+2

M = maX{G(Xn ! Xn+1’ Xn+l)7
[G (Xn ! Xn+1’ Xn+1) + G (Xn+1’ Xn+2’ Xn+2)]

2
G (Xn ! Xn+2 ' Xn+2))}
2

There are three cases to consider
Case 1: When M = G(X,, X1, Xpu1)

then

Case 2: When M

then

which gives

Case 3: When

then

G(Xn+l’ n+2? n+2) < /’LG(Xn ' Xn+1’ Xn+1)

_[G(Xnvxml’ n+l)+G(Xn+1’ n+2! n+2)]

2

[G(Xn ! Xn+ ! Xn+ ) + G(Xn+ ! Xn+ 1 Xn+ )]
G(Xn+l’ n+2? n+2) < 2’ : : 2 : 2 2

A
G(Xn+l7 Xn+2’ Xn+2) = TG(X n+l? Xn+2)

M - G(Xn7xr12+2’ Xn+2)

G(Xn+l’ Xn+2 ' Xn+2) < %G(Xn ! Xn+2’ Xn+2)

A
< E [G(Xn ' Xn+1’ Xn+1) + G(Xn+1’ Xn+2’ Xn+2)]

simplifying the above

163

(83)

(84)

(85)

(86)

(87)

(88)

(89)



G(Xn+l' Xn+2 ' Xn+2) < % G(Xn ’ Xn+11 Xn+l) (90)

since

(91)

from the three cases
G(Xn+l' Xn+27 Xn+2) < ﬂ’G(Xn ' Xn+1’ Xn+1) (92)

By Lemma (3.1.3) {X,} is a Cauchy sequence. Since (X,G) is complete, {X,} converges to a
point X" e X . To show that X is a fixed point of T

G(x,, TX, Tx") =G(Tx,_,,Tx",Tx")
< Amax{G (X, ,, X, X),
G(X, 1, TX, 1, TX, ) +G(X,Tx", T
2
G(X, ., TX, TX)+G(X,TX, ,,TX, ;)
2 } (93)
G(x,,TX, X)) <Amax{G(x,_,, X ,X),
G(X, 4, X, X, ) +G (X, TX,TX
2 )
G(X, 1, TX, TX )+ G(X ", X
2
Since G is jointly continuous in all of its variables, taking the limitas n — oo
9 [G(X", X", X)) +G(X", Tx ", Tx )]

k)

n’Xn)}

G(X', Tx", Tx") <Amax{G(x",x,x

2
GO, X, X)) +G (X, x, X
2
G(x",Tx ", Tx") s%G(x*,Tx*,Tx*)
Since A e [0,%) , the inequality can only hold when Tx" = x".
To show uniqueness, let y“ e X suchthat Ty =y and x =y
Then G(x',y",y)>0
G(x,y,y) =GO, Ty, Ty) o o
S/lmax{G(x*,y*,y*),[G(X JTX,TX );G(y Ty, Ty )]’
[G(x*,Ty*,Ty*)+G(y*,Tx*,Tx*)]} (95)
2
S/lmax{G(x*,y*,y*),[G(X 23] );G(y XX )]}
There are two cases to consider
Case 1: When
o« = [GOC, Y, Y)+G(Y X, X . .
max{G(x,y,y),[ (Y. y)+Gly )]}=G(x,y,y) (96)

2
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since A < l
2

G(X,y y)<AG(X, Y, y)<G(X,y,Y) (97)
this is a contradiction hence X" =y".
Case 2: When
[G(X*,y*,y*)+G(y*,x*,x*)]}:[G(x*,y*,y*)+G(y*,x*,x*)] (98)
2 2

max{G(x",y",y"),
then
By y)+Gly  x, x)]
3 2
< IGO0,y y)+26(X YY)l
34 o w x
= 7G(X !y ly )
© x 31 o x x o x x
G(X Y !y) S7G(X Yy )<G(X Y !y)
This is also a contradiction, hence X" = y’.
Theorem 3.7 Let (X,G) be a complete G -metric space and let T : X — X be a mapping
satisfying the following condition,
G(Tx,Ty,Tz) <Amax{G(x,Ty,Ty),G(y,Tx,Tx)} (100)
where 1 €[0,1), X,y,z€ X . Then T has a unique fixed pointin X .

Proof
Let X, be an arbitrary pointin X . Let {X,} be a sequence in X defined by x, =Tx, ;.

G(x,y,Y)

(99)

Let x=X,and y=z=X,,,.
Then
G(Xn+l' Xn+2’ Xn+2) = G(Txn ’TXn+l’TXn+l)
< Amax{G(x,,TX,.,;, TX, ;),G(X. .., TX,, Tx,)}

<AG (Xn ) Xn+2 J Xn+2) (101)
G(Xn+l' Xn+2’ Xn+2) < ZG(Xn’ Xn+1’ Xn+1) + AG(Xm-l’ Xn+2’ Xn+2)
A
G(Xn+l’ Xn+2’ Xn+2) < EG(Xn ' Xn+l’ Xn+1)
By Lemma (3.1.3), {X,} is a Cauchy sequence. Since (X,G) is complete, then {Xx,} converges

n+1?

to apoint X in X . Toshow that X" is a fixed point of T, consider
G(x,,TX, TX) =G(Tx, ,,Tx,Tx")
< Amax{G(x,_,, Tx,Tx),G(x",TX, ., X, ,)}
G(x,, X, TX) <Amax{G(x, ., X ,X),G(x",x,,X,)}
Since G is jointly continuous in three of its variables, taking the limitas N — oo
G(X", Tx", Tx") < Amax{G(x", x,x),G(x",x,x)}=0 (102)
This inequality can only hold when G(x™,Tx",Tx") = 0. This implies that Tx" = x",
To show uniqueness, suppose Y~ # X such that Ty" = y", then
G(x',x,y) = G(I'x*,Tx*;Ty*z * o (103)
< Amax{G(x ,Tx ,Tx ),G(x ,Tx ,Tx )}=0

Hence X =y .
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Conclusion and Recommendations

In this work, some new theorems on existence and uniqueness of fixed points of
operatorssatisfyingcertain contractive conditions in a complete generalized metric space were
established.
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