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              Abstract   

In this paper, existence and uniqueness of fixed points of operators satisfying certain contractive         

conditions in a complete G -metric space are stated and proved. Furthermore, the stability of Picard 

iterative procedure is investigated for mappings T  satisfying some fairly general contractive conditions in 

a complete G -metric space.     
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Introduction 
Rhoades (1977) gave comparison of various definitions of contractive mappings and defined contractive 

type mappings on a complete metric space X  which are generalizations of the well-known Banach 

contraction, and have the property that such mappings have unique fixed point in X . Osileke (1996) 

established some stability results for fixed point iteration procedures in a complete metric space. Mustafa 

and Sims (2006) introduced a new notion of generalized metric space called G-metric space, after proving 

that most of the results concerning the topological properties of D-metric space were incorrect. To repair 

this setback, a more appropriate notion of a generalized metrics, called G-metric space was defined and 

new properties for G -metric space were proved. Furthermore, the relationship between metric space and 

G-metric space was established. Zead Mustafa et al. (2010) proved some fixed point results for mapping 

satisfying sufficient conditions in a complete G-metric space, also that if the G -metric space ),( GX  is 

symmetric, then the existence and uniqueness of these fixed point results follow from well-known 

theorems in usual metric space ),( GdX , where ),( GdX  is the usual metric space defined from G -

metric space ),( GX . Mujahid Abbas (2012) worked on fixed and related fixed point theorems for three 

maps in G -metric space, unique common fixed points of three maps that satisfy a generalized ),(  -

weak contractive condition are obtained. It is noted that the existence of a fixed point of any one of the 

mappings implies that the three mappings have a common fixed point. Agarwal et al. (2013) Gave some 

remarks on coupled fixed point theorems in G-metric spaces. Agarwal et al. (2015) gave new definitions, 

properties, lemmas and theorems regarding metric type spaces. Rauf et al. (2017) studied some fixed 

point theorems for contractive conditions in a G-metric space. 

In this paper fixed point results for operators satisfying some more general contractive conditions are 

considered and also stability theorems for some additional iteration procedures in a G -metric space were 

proved. 

Definitions of Some Terms 

Definition 2.1 (Mustafa and Sims, 2006): 

Let X  be a nonempty set, and let  RXXXG : , be a function satisfying the following 

properties: 

;==0=),,(1)( zyxifzyxGG  

,,);,,(<02)( XyxallforyxxGG   with ;yx   

),,(),,(3)( zyxGyxxGG  , for all ,,, Xzyx   with ;yz   

...,=),,(=),,(=),,(4)( xzyGyzxGzyxGG  (symmetry in all three variables); and 

),,(),,(),,(5)( zyaGaaxGzyxGG  , for all ,,,, Xazyx   (rectangle inequality) 

then the function G is called a generalized metric, or, more specifically a G-metric on X , and the 

pair ),( GX  is called a G-metric space.  

Proposition 2.1(Mustafa and Sims, 2006): 

Let ),( GX  be G -metric space. Then the following are equivalent.   
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    1.  )( nx  is G-convergent to x. for a function XXf :  

    2.  nasxxxG nn 0,=),,( .  

    3.  nasxxxG n 0,=),,( .  

    4.  nmasxxxG nm ,0,=),,( .  

 

Lemma 2.1(Agarwal alet ., 2015): 

Let ),( GX  be a G -metric space. Then, for any Xazyx ,,,  the following properties hold.   

    1.  ),,(),,(),,( zxxGyxxGzyxG  .  

    2.  ),,(),,(),,(),,( aazGaayGaaxGzyxG  .  

    3.  )},,(),,,({max|),,(),,(| aazGzzaGayxGzyxG  .  

    4.  If Xxxxandn n  ,...,,  2 21  then  

 ),,(),,( 1

1

1=

11 



 iii

n

i

n xxxGxxxG  

           5.  If zyxthenzyxG ==  0,=),,(  

    6. ),,(),,(),,( zyaGzaxGzyxG  .  

    7.  )],,(),,(),,([
3

2
),,( zyaGzaxGayxGzyxG  ;  

    8.  ),,(|),,(),,(| zxaGayxGzyxG  ; and  

    9.  ),,(2),,( zyxGyyxG  .  

 

Lemma 2.2(Agarwal alet ., 2015): 

Let }{ nx  be a sequence in G-metric space ),( GX  and assume that there exist a constant 

Nnand  0  [0,1)  such that, at least, one of the following conditions holds:   

    1.  )),,((),,( 11221   nnnnnn xxxGxxxG   for all 0nn   

    2.  )),,((),,( 1221   nnnnnn xxxGxxxG   for all 0nn   

Then }{ nx  is a Cauchy sequence in ),( GX .  

 

Lemma 2.3(Mustafa and Sims, 2006): 

If ),( GX  is a G-metric space, then the function ),,( zyxG  is jointly continuous in all three of its 

variables, that is, if Xzyx ,,  and }{ nx , }{ ny , }{ nz X  are sequence in X  such that 

zzandyyxx mmm  }{  }{,}{  then ).,,()},,({ zyxGzyxG mmm   

Proposition 2.2(Agarwal alet ., 2015):  

Let }{ nx  be a sequence in G-metric space ),( GX .   

    1.  If the following conditions holds:  

0

0

,    ,),,(

        0,  

nnmallforxxxG

thatsuchNnexiststhereallfor

mmn 






 

    2.  If the following condition holds:  

0

0

,    ,),,(

        0,  

nnmallforxxxG

thatsuchNnexiststhereallfor

mnn 






 

        then }{ nx  is a Cauchy sequence in ),( GX . 

 

Theorem 2.1(Rauf et al., 2017) 
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Let (X,G) be a complete G-metric space, and let XXT :  be a mapping satisfying the 

following condition  

 ),,(),,(),,(),,( zyxcGTyTyybGTxTxxaGTzTyTxG   (1) 

  for all Xzyx ,,  where 10  cba . Then T  has a unique fixed point (say 
*x )        

** = xTx .  

 

 

Theorem 2.2(Rauf et al. 2017) 

Let ),( GX  be a complete G -metric space and let XXT :  be a mapping satisfying the 

following condition  

),,(),,(),,( zyxGTxTxxGTzTyTxG    (2) 

for all Xzyx ,,  where 10   , then T  has a unique fixed point 
*x  in X ; 

** = xTx . 

Results 

 

Theorem 3.1 Let ),( GX  be a complete G -metric space and let XXT :  be a mapping 

satisfying the following condition,  

 
),,(),,(   

),,(),,(),,(),,(

54

321

TxTxyGaTyTyxGa

TyTyyGaTxTxxGazyxGaTzTyTxG




 (3) 

       for all Xzyx ,,  where each ia  are nonnegative constants satisfying 

 

 1

5

1=

         1<  iii

i

aaanda  (4) 

       then T  has a unique fixed point in X .  

 

Proof 

Let Xx 0  be an arbitrary point. Define the sequence Xxn }{  by  

 NnallforTxx nn      =1  (5) 

T  is a Picard sequence of }{ nx  based on 0x . If there is Nn 0  such that     
0

1
0

= nn xx  , then 

0
nx  is a fixed point of T . 

Assume nn xx 1  

Let 1== ,= nn xzyxx  

then  

 

),,(),,(   

),,(),,(),,(

),,(   

),,(),,(   

),,(),,(=

),,(   

),,(),,(   

),,(),,(

),,(=),,(

2242213

112111221

1115

2242213

112111

15

1141113

2111

11221



































nnnnnn

nnnnnnnnn

nnn

nnnnnn

nnnnnn

nnn

nnnnnn

nnnnnn

nnnnnn

xxxGaxxxGa

xxxGaxxxGaxxxG

xxxGa

xxxGaxxxGa

xxxGaxxxGa

TxTxxGa

TxTxxGaTxTxxGa

TxTxxGaxxxGa

TxTxTxGxxxG

 (6) 
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       using the properties of G -Metric  

 

),,(   

),,(),,(   

),,(),,(),,(

2214

1142213

112111221













nnn

nnnnnn

nnnnnnnnn

xxxGa

xxxGaxxxGa

xxxGaxxxGaxxxG

 (7) 

       which simplifies to  

 ),,(
1

),,( 11

43

421
221  














 nnnnnn xxxG

aa

aaa
xxxG  (8) 

       Let 
43

421

1
=

aa

aaa
k




.  

Since 1<1

5

1=
a

i  and 1 ii aa  then 1<k .  

 ),,(),,( 11221   nnnnnn xxxkGxxxG  (9) 

       repeating the process above, it follows that for all 0>n  

 

),,(   

),,(),,(   

),,(),,(=

),,(   

),,(),,(   

),,(),,(

),,(=),,(

5

1114113

1211

115

143

111211

111

nnn

nnnnnn

nnnnnn

nnn

nnnnnn

nnnnnn

nnnnnn

xxxGa

xxxGaxxxGa

xxxGaxxxGa

TxTxxGa

TxTxxGaTxTxxGa

TxTxxGaxxxGa

TxTxTxGxxxG

























 (10) 

 
),,(),,(   

),,(),,(),,(

1114113

121111









nnnnnn

nnnnnnnnn

xxxGaxxxGa

xxxGaxxxGaxxxG
 (11) 

       Using property the properties of G-metrics  

 

),,(   

),,(),,(   

),,(),,(),,(

114

14113

121111













nnn

nnnnnn

nnnnnnnnn

xxxGa

xxxGaxxxGa

xxxGaxxxGaxxxG

 (12) 

       Simplifying further  

 

),,(),,(

),,(
1

),,(

111

1

43

421
11

nnnnnn

nnnnnn

xxxkGxxxG

xxxG
aa

aaa
xxxG























 (13) 

Applying Lemma (4.3), }{ nx  is a Cauchy sequence. As ),( GX  is complete, it is convergent, and 

there exists Xx *
 such that 

*}{ xxn  . To show that 
*x  is a fixed point of T , consider 
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),,(),,(   

),,(),,(),,(),,(

),,(),,(   

),,(),,(),,(=

),,(   

),,(),,(   

),,(),,(

),,(=),,(

*

5

**

14

***

312

**

11

**

*

5

**

14

***

312

**

11

11

*

5

**

14

***

3

1112

**

11

**

1

**

nnn

nnnnn

nnn

nnnn

nn

n

nnnn

nn

xxxGaTxTxxGa

TxTxxGaxxxGaxxxGaTxTxxG

xxxGaTxTxxGa

TxTxxGaxxxGaxxxGa

TxTxxGa

TxTxxGaTxTxxGa

TxTxxGaxxxGa

TxTxTxGTxTxxG































 (14) 

       Taking limit as n  and by the property that G  is continuous,  

 
),,()(),,(

),,(),,(   

),,(),,,(),,(),,(

***

43

***

***

5

***

4

***

3

***

2

***

1

***

TxTxxGaaTxTxxG

xxxGaTxTxxGa

TxTxxGaxxxGaxxxGaTxTxxG







 (15) 

since 1<43 aa   the above inequality can only hold when 0=),,( *** TxTxxG  , hence 

** = xTx .  

To show uniqueness, suppose 
** yx   such that 

** = yTy , then 

 

 

),,(<),,(),,(

),,(),,(),,(   

),,(),,(=

),,(),,(),,(   

),,(),,(

),,(=),,(

******

1

***

***

5

***

4

***

3

***

2

***

1

***

5

***

4

***

3

***

2

***

1

******

yxxGyxxGayxxG

xxxGaxxxGaxxxGa

xxxGayxxGa

TxTxxGaTxTxxGaTxTxxGa

TxTxxGayxxGa

TyTxTxGyxxG











 (16) 

       This is a contradiction, hence 
** = yx . 

 

Proposition 3.1 Let ),( GX  be a complete G -metric space and let XXT :  a self mapping 

satisfying  

 
),,(),,(   

),,(),,(),,(),,(

54

321

TxTxyGaTyTyxGa

TyTyyGaTxTxxGazyxGaTzTyTxG




 (17) 

       for all Xzyx ,,  where each ia  are non negative constants satisfying 

 

 11

5

1=

         1<  ii

i

aaanda  (18) 

Let Xx 0 , Xxn }{  be defined by nn Txx =1 . The sequence }{ nx  converges to a fixed point 

*x  of T . Let }{ ny  be an arbitrary sequence in X  and set ),,(= 1 nnnn TyTyyG   

Then 

 

 

j

jn
n

j

n

jjj

jn
n

j

nn

ayxxGa

TxTxxGaaaaaxxxGxxyG















1

0=

000

1

1

1

0=

5432

**

1

**

1

),,(   

),,()(),,(),,(

 (19) 
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       and 0=nnlim   if and only if *= xylim nn 
 

 

Proof 

 

 

nnnnnn

nnnnnnn

nnnnnnn

nnnnn

TxTxTyGxxxGxxyG

TyTyyGTxTxTyGxxxG

xxTyGTyTyyGxxxG

xxxGxxyGxxyG

















),,(),,(),,(

),,(),,(),,(=

),,(),,(),,(

),,(),,(),,(

**

1

**

1

1

**

1

111

**

1

**

1111

**

1

 

 

Applying the contractive condition given above 

 

 

nnnn

nnnnn

nnnnnnnnnn

nnnnnnn

nnnnnn

yxxGa

TxTxxGaaaaxxxGxxyG

TxTxxGaTxTxxGaTxTxxGa

TxTxxGayxxGaxxxG

TyTxTxGxxxGxxyG























),,(   

),,()(),,(),,(

),,(),,(),,(   

),,(),,(),,(

),,(),,(),,(

1

5432

**

1

**

1

543

21

**

1

**

1

**

1

 (20) 

Note that 

 

 

11115432

1111

11115

11141113

11121111

1111

111

),,()(   

),,(),,(

),,(   

),,(),,(   

),,(),,(

),,(=

),,(),,(

),,(=),,(





























nnnn

nnnnnn

nnnn

nnnnnn

nnnnnn

nnnn

nnnnnn

nnnnnn

TxTxxGaaaa

yxxGayxxG

TTxxGa

TTxxGaTTxxGa

TxTxxGayxxGa

TyTxTxG

xxTyGTyTyyG

xxyGyxxG







 (21) 

Then 

nnnnn

nnn

nnnnn

ayxxGa

xTxxGaaaaa

TxTxxGaaaaxxxGxxyG

 











11111

2

1

11154321

5432

**

1

**

1

),,(   

),,()(   

),,()(),,(),,(

 (22) 

Repeating this process 

 

nnnnnn

nnn

nnn

nnnnn

aayxxGa

xTxxGaaaaa

xTxxGaaaaa

TxTxxGaaaaxxxGxxyG

 















112

2

1222

3

1

2225432

2

1

11154321

5432

**

1

**

1

),,(   

),,()(   

),,()(   

),,()(),,(),,(

 (23) 

       

 Repeating the process n-times gives 

 

j

jn
n

j

n

jjj

jn
n

j

nn

ayxxGa

TxTxxGaaaaaxxxGxxyG















1

0=

000

1

1

1

0=

5432

**

1

**

1

),,(   

),,()(),,(),,(

 (24) 

Suppose 
*= xylim nn 
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Then  

 

),,(2),,(

),,(2),,(2),,(2   

),,(2),,(2),,(

),,(2),,(

),,(),,(=

**

1

**

1

***

5

***

4

***

3

***

2

**

1

**

1

****

1

***

1

nnn

nn

nn

nnnn

yxxGaxxyG

TxTxxGaTxTxxGaTxTxxGa

TxTxxGayxxGaxxyG

TyxxGxxyG

TyTyxGxxyG























 (25) 

       Taking the limit as n  

Then  

 0=nnlim   

 

Conversely, Suppose 0=nnlim   

Consider the coefficients }{ 1

jna 
 

Set  

 
jn

nj aA 

1=  

       Then, 0=njn Alim   for each j  

and 

 

 


 


 na
a

a
A

n

nj

n

j

  as  )(1  
1

1
= 1

1

1

1

1

0=

 (26) 

 

Since 0=nnlim   

Then,  

 0=1

0=

j

jn
n

j

n alim 

   

 

Since 0=),,( **

1 xxxGlim nn 
 

Then, 

 

 0=),,( nnnn TxTxxGlim   

       So that  

 0=),,()( 1

0=

5432 jjj

jn
n

j

n TxTxxGaaaaalim 

   

       Furthermore, [0,1)  since  0=),,( 1000

1

1 

 ayxxGalim n

n
 

Then  

 0=),,( **

1 xxyGlim nn 
 (27) 

 

That is }{ ny  converges to the point 
*x . 

 

Corollary 3.1 Let ),( GX  be a complete G -metric space and let XXT :  be a mapping 

satisfying the condition  

 
),,(),,(

),,(),,(),,(),,(

54

321

TxTxyGaTyTyxGa

TyTyyGaTxTxxGazyxGaTzTyTxG




 (28) 

       for all Xzyx ,,  where each ia  are nonnegative constants satisfying 
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 11

5

1=

         1<  ii

i

aaanda  (29) 

       Then 

 

 

),,(   

),,(   

),,(   

),,(),,(),,(

111

1

1=

5

111

1

1=

4

111

1

1=

3

111

1

1=

21

xTxTyTGaa

yTyTxTGaa

yTyTyTGaa

xTxTxTGaazyxGazTyTxTG

jijijij
i

j

jijijij
i

j

jijijij
i

j

jijijij
i

j

iiii

























 (30) 
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       repeating the process above 
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       repeating the process again 
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repeating the process i-times will give 
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Theorem 3.2 Let ),( GX  be a complete G -metric space, and let cba ,,  be nonnegative functions 

satisfying  

 1<)},,(),,(),,({  zyxczyxbzyxaSup  (35) 

Xyx ,  such that, for each Xzyx ,, . Let XXT :  be a mapping satisfying the 

contractive condition.  
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 (36) 

       for all zyx ,,  then T  has a unique fixed point *x , i.e 
** = xTx . 

Proof 

Let 0x  be an arbitrary point in X . Let }{ nx  be a sequence in X  defined by  

 nn Txx =1  (37) 

if there is some Nn 0  such that 
0

1
0

= nn Txx  , then 
0

nx  is a fixed point of T . Assume 

nn xx 1  for all Nn . 

Let 1==  ,= nn xzyandxx  then 
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       simplifying further  
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       Choose   such that  
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 (40) 

       Then  

 ),,(,,( 11221   nnnnnn xxxGxxxG   (41) 

By Lemma (3.1.3), }{ nx  is a Cauchy sequence, since ),( GX  is complete }{ nx  converges to a 

point Xx *
. 

Suppose  

 
** xTx   
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Then 

0>),,( *** TxTxxG  
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       Taking the limit as n  
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       Suppose 
** yx   then  
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 0<),,(<),,()),,((),,( ************ yyxGyyxGyyxGcyyxG   (46) 

       This is contradiction, hence 
** = yx  

 

Proposition 3.2 Let ),( GX  be a complete G -metric space and let XXT :  a self mapping 

satisfying  

 ),,(),,(),,(),,( zyxcGTyTyybGTxTxxaGTzTyTxG   (47) 

for all Xzyx ,, , 10  cba . Let Xx 0 , Xxn }{  be defined by nn Txx =1 . The 

sequence }{ nx  converges to a fixed point 
*x  of T . Let }{ ny  be an arbitrary sequence in X  and 

set ),,(= 1 nnnn TyTyyG   

Then 
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 (48) 

       and 0=nnlim   if and only if 
*= xylim nn 
 

 

Proof 
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Applying the contractive condition given above 
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Note that 

 

1111

111

1111

111111

1111

111

),,(   

),,()(),,(

),,(   

),,(),,(

),,(=

),,(),,(

),,(=),,(

























nnnn

nnnnnn

nnnn

nnnnnn

nnnn

nnnnnn

nnnnnn

yxxcG

TxTxxGbayxxG

yxxcG

TxTxxbGTxTxxaG

TyTxTxG

xxTyGTyTyyG

xxyGyxxG







 

Then the inequality reduces to 
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 (50) 

repeating this process 
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repeating the process n-times gives 
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 (52) 

Suppose 
*= xylim nn 
 

then  



158 
 

 

),,(2),,(

),,(2   

),,(2),,(2),,(

),,(2),,(

),,(),,(=

****

1

**

********

1

****

1

***

1

nnn

n

n

nn

nnnn

yxxcGxxyG

yxxcG

TxTxxbGTxTxxaGxxyG

TyxxGxxyG

TyTyxGxxyG























 (53) 

       Taking the limit as n  

 0=nnlim   

Conversely, Suppose 0=nnlim   

Consider the coefficients }{ jnc 
 

set  
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       then 0=njn Alim   for each j  
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since 0=nnlim   
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 (55) 

That is }{ ny  converges to the point 
*x . 

 

Corollary 3.2 Let ),( GX  be a complete G -metric space and let XXT :  be a mapping 

satisfying the condition  

 ),,(),,(),,(),,( zyxcGTyTyybGTxTxxaGTzTyTxG   (56) 

       for all Xzyx ,, , 10  cba  

Then 
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Theorem 3.3 Let ),( GX  be a complete G -metric space and let XXT :  be a mapping satisfying 

any of the following conditions  

 )},,(),,({),,( TxTxyGTyTyxGaTzTyTxG   (58) 

       or  

 )},,(),,({),,( TyTyyGTxTxxGaTzTyTxG   (59) 

where a  is a constant satisfying Xyxanda ,  ,
2

1
<<0 . Then T has a fixed point in 

*** =), ( xTxxsayX  

 

Proof 

Let Xx 0  be an arbitrary point. Define the sequence Xxn }{  by  

 .    =1 NnallforTxx nn   (60) 

       Set 1==  = nn xzyandxx , 

using the first contractive condition above 
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       simplifying further,  
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       similarly, using the second contractive condition  
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       simplifying further gives  
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Applying Lemma (3.1.3), }{ nx  is a Cauchy sequence. As ),( GX  is complete, it is convergent, 

so there exists Xx *
 such that 

*}{ xxn  . 

To show that 
*x  is a fixed point of T, consider the following 
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hence, 
** = xTx . 

Suppose 
** yx   such that 

** = yTy . Then 0>),,( *** yxxG  and  
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       Hence 
** = yx . 

 

Proposition 3.3 Let ),( GX  be a complete G -metric space and let XXT :  a self mapping 

satisfying  

 ),,(),,(),,( zyxGTxTxxGTzTyTxG    (67) 

for all Xzyx ,, , 1<0  . Let Xx 0 , Xxn }{  be defined by nn Txx =1 . The 

sequence }{ nx  converges to a fixed point 
*x  of T . Let }{ ny  be an arbitrary sequence in X  and 

set ),,(= 1 nnnn TyTyyG   

Then 
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       and 0=nnlim   if and only if 
*= xylim nn 
 

Proof 
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Applying the contractive condition given above 
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repeating this process n-times leads to 
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Suppose 
*= xylim nn 
 

then  
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       Taking the limit as n  

 0=nnlim   

Conversely 

Suppose 0=nnlim   

consider the coefficients }{ jn  

set  

 
jn

njA =  

       then 0=njn Alim   for each j  

 


 


 nA
n

nj

n

j

  as  )(1  
1

1
= 1

1

0=





 (71) 

 

since 0=nnlim   

then  

 0=
0=

j

jn
n

j

nlim  

   

since 0=),,( **

1 xxxGlim nn 
 

then 

 0=),,( nnnn TxTxxGlim   

       so that  

 0=),,(
0=

jjj

jn
n

j

n TxTxxGlim 

   

       furthermore [0,1)  since  0=),,( 000

1 

  yxxGlim n

n
 

then  

 0=),,( **

1 xxyGlim nn 
 (72) 

that is }{ ny  converges to the point 
*x . 

Corollary 3.3 Let ),( GX  be a complete G -metric space and let XXT :  be a self mapping 

satisfying  

 ),,(),,(),,( zyxGTxTxxGTzTyTxG    (73) 

       for all Xzyx ,,  where 10    

Then 

),,(),,(),,( 111

1=

zyxGxTxTxTGzTyTxTG ijijijij
i

j

iii   

  (74) 

Theorem 3.4 Let ),( GX  be a complete G -metric space and let XXT :  be a mapping 

satisfying the contractive condition,  

 ),,(),,(),,(),,( zyxcGTxTxybGTyTyxaGTzTyTxG   (75) 

where cba ,,  are nonnegative numbers satisfying 1<cba   and cba  , then T  has a 

unique fixed point in X .  

Proof 

The proof can be sourced from (Rauf et al., 2017). 

 

Theorem 3.5 Let ),( GX  be a complete G -metric space and let XXT :  be a mapping 

satisfying the contractive condition,  

 )},,(),,,(),,,({),,( TzTzzGTyTyyGTxTxxGmaxTzTyTxG   (76) 

       where .,,[0,1), Xzyx   Then T  has a unique fixed point.     
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Proof 

Let 0x  be an arbitrary point in X . Let }{ nx  be a sequence in X  defined by 1= nn Txx . 

Let 1==  = nn xzyandxx .  

Then  

 

)},,(),,,({),,(

)},,(    

),,,(),,,({

),,(=),,(

22111221

111

111

11221













nnnnnnnnn

nnn

nnnnnn

nnnnnn

xxxGxxxGmaxxxxG

TxTxxG

TxTxxGTxTxxGmax

TxTxTxGxxxG




 (77) 

 

There are two cases to examine 

 

Case 1: When 

 
),,(=)},,(),,,({ 22122111  nnnnnnnnn xxxGxxxGxxxGmax

 

then  

 ),,(),,( 221221   nnnnnn xxxGxxxG   (78) 

which is not possible since 1.<  

Case 2: When 

 ),,(=)},,(),,,({ 1122111  nnnnnnnnn xxxGxxxGxxxGmax  

        then  

 ),,(),,( 11221   nnnnnn xxxGxxxG   (79) 

By Lemma (3.1.3) }{ nx  is a Cauchy sequence. Since ),( GX  is complete, then }{ nx  converges 

to a point 
*x  in X . To show that 

*x  is a fixed point of T , consider  

 

)},,(),,,({),,(

)},,(),,,(),,,({

),,(=),,(

***

1

**

******

111

**

1

**

TxTxxGxxxGmaxTxTxxG

TxTxxGTxTxxGTxTxxGmax

TxTxTxGTxTxxG

nnnn

nnn

nn













  

 

since G  is jointly continuous in three of its variables, taking the limit as n  

 ),,(),,( ****** TxTxxGTxTxxG   (80) 

As 1<  this inequality can only hold when 0=),,( *** TxTxxG . This implies that 
** = xTx . 

To show uniqueness, suppose 
** yx   such that 

** = yTy , then  

 
0=)},,(),,,({

),,(=),,(
******

******

TyTyyGTxTxxGmax

TyTyTxGyyxG


 (81) 

       Hence 
** = yx . 

Theorem 3.6 Let ),( GX  be a complete G -metric space and let XXT :  be a mapping 

satisfying the following condition  

 
}

2

),,(),,(
,

2

),,(),,(

),,,({),,(

TxTxyGTyTyxGTyTyyGTxTxxG

zyxGmaxTzTyTxG



 
 (82) 

       for all, Xzyx ,,  and ).
2

1
[0, Then T  has a unique fixed point.  

Proof 

Let 0x  be an arbitrary point in X . Let }{ nx  be a sequence in X  defined by 1= nn Txx . 
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Let 1==  = nn xzyandxx  

then  

 

MxxxG

xxxG

xxxGxxxG

xxxGmaxxxxG

xxxGxxxG

xxxGxxxG

xxxGmax

TxTxxGTxTxxG
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
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),,,({),,(

}
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),,(),,(
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 (83) 

where  

 

}
2

)),,(
    

,
2

)],,(),,([
    

),,,({max=

22

22111

11









nnn

nnnnnn

nnn

xxxG

xxxGxxxG

xxxGM

 (84) 

 There are three cases to consider 

Case 1: When ),,(= 11  nnn xxxGM  

then  

 ),,(),,( 11221   nnnnnn xxxGxxxG   (85) 

Case 2: When 
2

)],,(),,([
= 22111   nnnnnn xxxGxxxG

M  

then  

 
2

)],,(),,([
),,( 22111

221





 nnnnnn

nnn

xxxGxxxG
xxxG   (86) 

       which gives  

 ),,(
2

),,( 21221 


 nnnnnn xxxGxxxG



 (87) 

Case 3: When  

 
2

),,(
= 22  nnn xxxG

M  (88) 

       then  

 

 ),,(),,(
2

),,(
2

),,(

22111

22221


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



nnnnnn
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xxxGxxxG

xxxGxxxG





 (89) 

       simplifying the above  
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 ),,(
2

),,( 11221 


 nnnnnn xxxGxxxG



 (90) 

       since  

 








2
 (91) 

       from the three cases  

 ),,(),,( 11221   nnnnnn xxxGxxxG   (92) 

By Lemma (3.1.3) }{ nx  is a Cauchy sequence. Since ),( GX  is complete, }{ nx  converges to a 

point Xx *
. To show that 

*x  is a fixed point of T  
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TxTxxGxxxG

xxxGmaxTxTxxG

TxTxxGTxTxxG

TxTxxGTxTxxG

xxxGmax

TxTxTxGTxTxxG
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












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 (93) 

 Since G  is jointly continuous in all of its variables, taking the limit as n  
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2

),,(

}
2

),,(),,(
    

,
2
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),,,({max),,(
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xxxGTxTxxG

TxTxxGxxxG
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


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




 (94) 

 

Since )
2

1
[0, , the inequality can only hold when 

** = xTx . 

To show uniqueness, let Xy *
 such that 

** = yTy  and 
** yx   

Then 0>),,( *** yyxG  

 

}
2
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)],,(),,([
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)],,(),,([
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xxyGyyxG
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











 (95) 

       There are two cases to consider 

Case 1: When  

 ),,(=}
2

)],,(),,([
),,,({ ***

******
*** yyxG

xxyGyyxG
yyxGmax


 (96) 
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since 
2

1
<  

 ),,(<),,(),,( ********* yyxGyyxGyyxG   (97) 

       this is a contradiction hence 
** = yx . 

Case 2: When  

 
2

)],,(),,([
=}

2

)],,(),,([
),,,({

************
*** xxyGyyxGxxyGyyxG

yyxGmax


 (98) 

       then  
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3
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














 (99) 

This is also a contradiction, hence 
** = yx .  

Theorem 3.7 Let ),( GX  be a complete G -metric space and let XXT :  be a mapping 

satisfying the following condition,  

 )},,(),,,({),,( TxTxyGTyTyxGmaxTzTyTxG   (100) 

       where [0,1) , Xzyx ,, . Then T  has a unique fixed point in X . 

Proof 

Let 0x  be an arbitrary point in X . Let }{ nx  be a sequence in X  defined by 1= nn Txx . 

Let nxx =  and 1== nxzy .  

Then  
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 (101) 

By Lemma (3.1.3), }{ nx  is a Cauchy sequence. Since ),( GX  is complete, then }{ nx  converges 

to a point 
*x  in X . To show that 

*x  is a fixed point of T , consider  
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



  

Since G  is jointly continuous in three of its variables, taking the limit as n  

 0=)},,(),,,({),,( ********* xxxGxxxGmaxTxTxxG   (102) 

      This inequality can only hold when 0=),,( *** TxTxxG . This implies that 
** = xTx . 

To show uniqueness, suppose 
** xy   such that 

** = yTy , then  

 
0=)},,(),,,({

),,(=),,(
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******

TxTxxGTxTxxGmax

TyTxTxGyxxG
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 (103) 

      Hence 
** = yx . 
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             Conclusion and Recommendations 

 In this work, some new theorems on existence and uniqueness of fixed points of 

operatorssatisfyingcertain contractive conditions in a complete generalized metric space were 

established.  
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