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Abstract
In this paper, we establish Hua’s generalization of Opial’s inequality with the best possible constant and extend the
generalization through some known mathematical analysis methods.
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Introduction
Inequalities involving integral of functions and their derivatives are the concern of Opial-type inequalities. In 1960, Opial
established the following interesting integral inequality:

Let x € C'[0, h] be such that x(0) = x(h) =0, and x(t) >0 in (0,h). Then the following inequality holds:
h , he o,
jo | X(t)X'(t) | dt < n jo (X'(t))2dt. (1)

The constant 2 is the best possible.

Since the discovery of the inequality, a lots of efforts have been done on new proofs and extensions in the literature.
Researchers such as: Nuriye et al. (2012), Saker (2013), Arif et al. (2015) and others have worked on generalization of the
inequality.

In further simplifying the proof of the inequality which had already been simplified by Olech (1960), Beesack (1962) proved
that if X is real and absolutely continuous on (0,b) with x(a) = x(b) =0, then

[1xnxldts 2 [IxoF d @

Opial’s inequality and it’s generalization, extension and discretization play an important role in establishing the existence
and unigueness of initial and boundary value problems for ordinary and partial differential equations as well as difference
equation.

Inequalities which involves integrals of a function and its derivatives are of great importance in Mathematics with
applications in probability. The following are results obtained by Hua (1965):

Theorem 1: If x(t) is absolutely continuous on [0, h] with x(0) =0, then

"I X)Xt dt<hh '(t))>dt 3
[, IxOx©O1de< 7 [0) ©)
Theorem 2: Let X(t) be absolutely continuous on [0,a], and x(0)=0. For ¢/,m>1, then the following inequality holds:
[ Ix@ U@ dt< - [ x0) " dt @)
0 l+m %

Theorem 3: Let X(t) be absolutely continuous on [0,a], and X(0)=0. Further, let ¢ be a positive integer. Then the
following inequality holds:

&yt ' a' (a 1a [+
[ 1 Ox@1de< =[x dt ©)
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Results
We present the following theorems as our main results:

Theorem 4: Let X(t) be absolutely continuous on [0,a], and x(0) = 0. Then, for /,m >1, the following inequality holds:

a ! ' a[ a ' /+
L IX@OX@Idt< [T dt (6)

Proof:
Assume ¢ =1, then we have

[ Ixx @ 1dt < % [[IX®F dt )

Clearly, (7) is Hua’s inequality.
Suppose (6) is true for ¢, then check for ¢+1

[ Ix X @ 1dt= 71X @xx @) | dt

a a[ a (+
=[x X x| dt < [ IXOI ot
aé a ' +1 (+1+1
=——| | x()[(X'(t dt <—— | [X(t dt
] O - 12j| 0]
_ aHl J‘ | X (t) | (r+1)+1 dt < a_-[a| Xl(t) |(Z+l)+1 dt
S 2042% (4170

a , ag a ,
Since it is true for /+1, hence j | x(t)|'] X'(t) | dtﬁ—j | X'(t)|"* dt is true for all £ eN.
0 (+1%

Theorem 5: Let x(t) be absolutely continuous on [0, a] and x(0)=0. Then, for /,m>1, the following inequality holds:

[, 1XOIT@" de<Toa [T de ®

Proof:
Assume m, ¢ =1, then we have

a , a ra , 2
[, IxOIX©1dt<Z [[IXOF dt (©)

Clearly, (9) is Hua’s inequality.
Fix ¢ and suppose it is true for m, then check for m+1

a ¢ ' m+1 — a ¢ ’ m i m
f X @I @ de= 11X XM de<

a’ [ 1x) "I X O] dt

m+1

=[x [ dt e

f+m
Since (10) it is true for m+1, hence

[Ix® @ dt<—
0 f+m

a’ & /ey [0H(ml)
[ Ix@r e dt (10)

a(J.O | X!(t) |€+m dt

is true for all meN.
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Theorem 6: Let q(t) be positive, bounded and non-increasing on [ «, 7 ]. Further, let x(t) be absolutely continuous on [
a,7],and X(«) =0. Then, for k >0,n >1, the following inequality holds:

r 1 kn 1 r M
JAO O FIX O dis. —(r-a) [a® X O] * dt (11)
a n+1 a
Proof:
i _kn_
Let y(t) = L(q(s))k“” | X'(s)|" ds,t e[ex, 7]. (12)
By integrating the right hand side of (12), we have
kn
y(©) = @@®) " [ x@) " (13)

On differentiating (13), we obtain

y'(t) = (@®) X O .

. . e e g n
Thus, from Holder’s inequality with indices n and 1 we have
n —

@) I [ 1X(5)lds= [ (@(s))““™ (a(s)) | X(s) | ds

) (ﬂ(q“w“dsJ | [f;m(s))m” KO dan

= ()™ (c - @) )"

n-1 —kn

Hence  ['a(t)] KO FIXOP dit = [ AOEO)™ (- a) ™ (YO Y @)
<(r —oc)W [ (YO y' (e

n-1 kn+1

(T a)* (y()) (14)

kn+1
On the other hand, from Hoélder’s inequality with indices kn+1 and c
n

, we have

[@)™ X dt=[ @O @O)™@O) [ XO d

kn
kn  kn+l kL ] K+l

SUj(q(t))k"ﬂ'k”“m(t))k_nﬂ'k"“dt]w(f ()" X " dt

kn

=( [ )[I OO dtjm

[ @)™ X dt< (e~ a)k“+1(jq(t)|x(t)|k dtjm (15)
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Taking kn+1 power of both sides in (15) we have

kn+1
kn kn+1

U (@)™ X dtJ <(c-a)" P lam Xl dt (16)

kn
Since y(t) = (q(t))* | x'(t)|" in (13). Then, byintegrating both sides with respect to t over [«,7]. Hence, (16) becomes

kn+1

())& < (c-a)" P g X @1 dt (17)

Combining (14) and (17), we obtain

kn+1

JLAOIXOFIXOF de<. (- a)" J am X' ¢ dt (18)

Remark 1: For « =0,7 =a and k,q(t) =1, Theorem 6 reduces to Theorem 1.

Theorem 7: Let q(t) be positive, bounded and non-increasing on [ «, 7 ]. Further, let x(t) be absolutely continuous on [
a,7],and X(a) =0. Then, for /,k >0, and m>1 the following inequality holds:

km-+¢

[ x| x O dt < < (r a)* j am XM« dt (19)
Proof:
" _km_
Let y(t) = L(q(s))”*km |X'(s)|" ds,t e[a,7]. (20)
By integrating the right hand side of (20), we obtain
y(@®) = (q(t)) " [ x®) " . (21)

differentiating (21) to obtain

y'(t) = (@) [x®1"

, we have

Thus, from Holder’s inequality with indices m and 1
m —

x®)1< [ 1x()1ds= [ (@) (a(s) " [x(5)|ds

S(j;(q(S))f;km'"”dS] ' ( j;(q(S))Mm |X'(s)|" dst

= ()" (—a) ™ (y()"

¢(m-1) 4 —km

I Q(t)IX(t)I | X' dt‘IQ(t)(Q(t))”km (z—a) ™ (y)"y'®) @) dt

Hence,

/(m-1)

<(c-a) 7 j;(y(t))oy'(t)dt.
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. A /(m-1) (+km
LQ(t) IX@ X' (" dt S (T a) ™ (y(r) (22)
On the other hand, from Holder’s inequality with indices £+km and ! —IE km , we have
m
—km

I (Q(t))’*""‘lx(t)l dt‘j(Q(t))”*k"‘(Q(t))’*km(Q(t))”kmIX(t)I dt

km €+km —km Z+km /+km km  +km (+km /tr:m
U (@) " (@) ] U CO R OIS dt)
4 (+km (/lf:m
(j dtj“”“[j a) | X[ * dtj
km
£+km f+km
[ (@) X" de(z - a)“km[j A x| ¢ dt] (23)
Taking f+km power of both sides in (23) we have
£+km
. km km (+km
[L(q(t))“km X" dt] <(e-a) [aO X O] * dt (24)
Since y(t) = (q(t))”*r'rm | X'(t)|™. Then, integrating both sides with respect to t over [ &, 7 ] hence (24) becomes
+km {+km
() o < -y m e X @]« dt (25)
Combining (22) and (25) , we obtain
’ km-+¢
[aO X FIX@ " de< (r a)* j a1 XM« dt (26)

Remark 2: For ¢ =0, 7 =a and k,m,q(t) =1, Theorem 7 reduces to Theorem 3. Also, for =0, m=n and /=1,
Theorem 7 reduces to Theorem 6.

Conclusions
This work is Hua-type Opial inequality by means of extension. For further reference on time-scale, see Rauf and Anthinio
(2017). Results therein are notable and useful in the concept of inequalities.
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